We study M5-brane configuration of the chiral gauge theory whose Type IIA brane configuration with orientifold 6-plane(O6) is studied by various authors.
Introduction
Recently there has been much progress in understanding non-perturbative aspects of supersymmetric gauge theories using brane configuration. The configuration where D-branes are suspended between NS-branes was firstly studied in [1] , and the subsequent study of similar configurations in various dimensions deepen our understanding on supersymmetric gauge theories [4] .
Especially interesting examples are the brane realizations of supersymmetric gauge theories in four dimensions with four or eight supercharges. One particular success is that the N=1 Seiberg's duality can be reproduced in this approach. Much of the gauge theories studied via brane setup are non-chiral, but there have been fruitful attempts to understand chiral gauge theories using brane dynamics [6, 8, 9] . For four dimensional gauge theories, one can lift the brane setup in Type IIA to the eleven dimensions where D4-branes and NS-5 branes altogether turn into M-5 branes [2] . Several aspects of supersymmetric gauge theories are clear in the eleven dimensions such as the Riemann surface associated with the Coulomb branch of a specific gauge theory.
Even though there are several constructions of chiral gauge theories in ten-dimensional brane configurations, so far the corresponding eleven-dimensional construction is lacking.
The purpose of this paper is to propose the M-theory realization of a particular chiral gauge theory constructed in [10, 11, 12] . Orientifold 6-plane is introduced to construct the chiral gauge theory. The brane configuration with orientifold plane leads to the understanding of the SO/Sp gauge theories as well as the construction of SU gauge theories with symmetric/antisymmetric matter [5, 7] . One can introduce either orientifold 4-plane or orientifold 6-plane (O6) in the brane setup without breaking further supersymmetry, but the relevant one for our study is orientifold 6-plane. Much of the paper will be devoted to understanding the SO/Sp gauge theories with orientifold 6-plane, since this is closely related to the study of the chiral gauge theory, as we will see.
The content of this paper is as follows. In section 2, we introduce the basic brane setup with orientifold 6-plane and review how to construct the chiral gauge theory. In section 3, we study M-theory interpretation of SO/Sp gauge theories with fundamental flavors and see how the Higgs branch of the N=2 gauge theories are realized in M-theory setup. This constitutes a part of the moduli space of the chiral gauge theory. In section 4, we propose the rotated N=1 brane configuration of SO/Sp gauge theories starting from N=2 brane setup.
In section 5, we propose the 11-d interpretation of the chiral gauge theory. Closely related chiral-nonchiral transitions are discussed.
After we obtained the results in section 4, we receive the preprint where the same problem is solved by a slightly different approach [13] . We understand that the M5-brane construction of the chiral gauge theory treated in this paper is known to [14] .
Relevant Brane Configuration with Orientfold Plane
In order to have N=2 supersymmetry in 4-d, we need three ingredients in Type IIA string theory; NS5-brane whose world volume spans x 0 , x 1 , x 2 , x 3 , x 4 , x 5 , D4-branes whose world volume spans x 0 , x 1 , x 2 , x 3 , x 6 , and D6-branes whose world volume spans x 0 , x 1 , x 2 , x 3 , x 7 , x 8 , x 9 .
The SO(1, 9) Lorentz symmetry is broken to SO(1, 3)×SO(2) 4,5 ×SO(3) 7, 8, 9 where SO(n) i 1 ,...in is a rotational group in x i 1 , . . . x in -direction. SO(3) 7, 8, 9 can be identified with SU(2) R symmetry of the N=2 gauge theory. We can introduce O6-plane parallel to D6-brane without breaking supersymmetry further. We have two types of O6-plane, one carries +4 RamondRamond(RR) charge and the other carries -4 RR charge if we normalize the RR charge of a D4-brane to be +1. The former gives SO gauge group on the world volume of D4-brane and the latter gives Sp gauge group. In the presence of O6-plane, the configuration should be symmetric under the Z 2 action (x 4 , x 5 , x 6 ) → (−x 4 , −x 5 , −x 6 ). Throughout the paper, we use the covering space of the Z 2 action when we count the number of branes. Thus if we have 2N c D4-branes and 2N f D6-branes, the resulting gauge group is SO(2N c )/Sp(N c ) with N f N=2 hypermultiplets where Sp(N c ) has rank N c .
One can rotate a NS5-brane by an arbitrary angle θ, which characterizes the rotation between (x 4 , x 5 )-plane and (x 8 , x 9 )-plane. The supersymmetry is reduced to N=1. The rotated 5-brane with θ = π/2 is denoted by NS ′ 5-brane whose world volume is in the
. The first factor is the Lorentz symmetry of the 4-d theory. The two SO(2) factors can be identified as R symmetries of the N=1 theory.
The chiral gauge theory we are interested in is constructed by placing NS ′ 5-brane on top of the O6-plane. O6-plane changes its RR charge as it traverses the NS ′ 5-brane. This is the Tdual version of [5] where it is shown that O4-plane changes its RR charge as it traverses a NS5-brane. Anomaly cancellation of the corresponding field theory or the charge conservation requires that 4 physical half D6-branes and the mirror are stuck on the negatively charged 3 Thus we have SU(2N c ) gauge group with one antisymmetric tensor A, one conjugate symmetric tensorS and 8 fundamentals T which come from 8 half D6-branes stuck on the half of O6-plane. This is indeed an anomaly free chiral theory. In the presence of D6-branes we have vectorlike fundamental flavors Q,Q.
We can rotate left NS5-brane by θ and right NS5-brane by −θ. The superpotential is given by
where m = tanθ and X is the adjoint of SU(2N c ). The first term can be deduced by considering the flat directions as we will see shortly. 4 The remaining terms are the superpotential of the product gauge group which are invariant under the orientifold projection. The resulting superpotential after integrating out the massive adjoint in case m = 0 is
One can easily incorporate the superpotential due to the presence of D6-branes.
In the limit m → ∞, we have Coulomb branch and SU(2N c ) is generically broken to
U(1)
Nc . In the brane picture, this corresponds to pairwise movement of D4-branes in x 4 , x 5 -direction compatible with the orientifold projection. In the Coulomb branch, the D4-branes are reconnected and stretched between the NS5-brane and its mirror. If m is not zero, the mass of the adjoint does not allow any Coulomb branch. But we have several Higgs branches. Meson branches arise in the usual way by splitting D4-branes between D6-branes.
In addition to that, there are interesting baryonic branches. In the flat directions where the baryon operator A nQ2Nc−2n gets an expectation value, the gauge group is broken to Sp(n) with a symmetric tensor(adjoint) with a superpotential W = mX 2 . In the brane picture, this corresponds to moving NS ′ 5-brane in the positive x 7 -direction. On the other hand, in the flat direction where the baryon operatorS n Q 2Nc−n gets an expectation value, the gauge group is reduced to SO(2n) with an adjoint with W = mX 2 . This corresponds to moving NS ′ 5-brane in the negative x 7 -direction. The fundamentals arising from half D6-branes become massive, as is obvious from the brane picture. In case m = 0, these baryonic branches have an accidental N=2 supersymmetry.
Higgs branch of N=2 SO/Sp gauge theories
The M-theory lifting of the brane configuration with O6-plane was discussed in [7] . O6-plane with −4RR charge (O6 − ) is lifted to Atiyah-Hitchin space in M-theory [17, 18] . For O6-plane with +4 RR charge (O6 + ), the corresponding M-theory interpretation is less clear, but it appears to be a D 4 singularity which cannot be blownup [3] . In order to describe the curve for the Coulomb branch of a gauge theory we just need to concentrate on the complex structure of these spaces. For O6 − plane, far away from the origin, it can be described by
In the usual convention of M-theory setting v = x 4 + ix
where R is the radius of the 11-th circle , we have x ∼ t −1 for a finite value of y and y ∼ t for a finite value of x.
The curve for pure Sp(N c ) gauge theory can be written as
or
using (3) . Here B Nc (x) is a polynomial of degree N c in x and 1 v 2 term is allowed due to v −4 contribution of the orientifold. We can interpret 1 v 2 term as a manifestation that close to v = 0, (3) does not provide a good description of the orientifold background [7] . We can incorporate the 2N f D6-branes by considering
Then the curve for the Sp(N c ) gauge theory with N=2 N f hypermultiplet is given by
Note that (7) is invariant under the Z 2 projection v → −v, x ↔ y. Again nonzero 1 v 2 term tell us that (3) is not a good description near v = 0.
The Type IIA brane configuration is invariant under the rotations SO(2) 4,5 and SO(3) 7, 8, 9 if the order parameters are also rotated accordingly. These can be interpreted as classical U(1) and SU(2)R-symmetry of the 4-d world volume theory of the brane. In the M-theory construction, SU(2) 7,8,9 is preserved but U(1) 4,5 is broken. We can preserve the discrete subgroup Z 4Nc+4−2N f of U(1) 4,5 if we modify the U(1) 4,5 action so that the variables x and y have charges 4N c . The full U(1) symmetry is restored if we assign the instanton charge
, reflecting the U(1) R anomaly. The modified U(1) 4, 5 charges are
For N=2 Sp(N c ) gauge theory, the flavor symmetry is SO(2N f ). But from (6) ,
symmetry is not clear. This can be seen by some variable changes. In case all m i vanish in (6), we have
if we set Λ N =2 = 1 for simplicity. If we perform the variable changẽ
(10) becomes
This can be recast to the standard D N f singularity
(14) defines the Atiyah-Hitchin space as a complex manifold in one of its complex structure [19] .
With the new variables (11), the curve for the Sp(N c ) gauge theory can be written as
If all m i in (6) vanish, corresponding D6-branes are located at the same position in x 4 , x 5 -direction, but they can be separated in the For SO(2N c ) gauge theory, the corresponding O6 + plane is described by xy = Λ
and in the presence of 2N f D6-branes the configuration is described by
in M-theory. The Coulomb branch of SO(2N c ) gauge theory with N f N=2 hypermultiplets is described by the curve
Resolution of D n singularity
The (mixed Coulomb-) Higgs branches of the Sp(N c ) gauge theory with N f fundamentals were analyzed in [15] . They are classified by an integer r = 1, 2 . . . [
]. The r-th Higgs branch has quaternionic dimension 2rN f −(2r 2 +r) and emanates from a (N c −r)-dimensional complex subspace of the Coulomb branch where there is an unbroken gauge group Sp(r).
Higgs branches are not corrected by quantum effects, but there are interesting subtleties in the way the Higgs branches emanates from the Coulomb branch. In the classical picture, Higgs branch emanates from the locus where r of the φ a 's vanish where φ s 's appearing in
). This will be true quantum mechanically for values r where Sp(r) gauge theory with N f flavors is not asymptotically free, i.e., for r ≤
], the low energy theory is asymptotically free and can be affected by strong coupling effects.
We will see that the Higgs branch emanates from the locus where only
of the φ a 's vanish and the product of non-zero φ 2 a is ±2Λ 2Nc+2−N f . We will see that the above field theory results are consistent with M5-brane picture. In order to do show that, we should
The blowup of D N f surface is explained in detail at [16] , and we just quote their results.
Starting from the singular surface of type
. These open sets are glued together by transition
The projection to the x-y-z space is given by
We need the expression of y, z on U N f −2 and U N f :
The resolved D N f surface is given by
This is mapped onto the singular D N f surface by (19) , and the map is an isomorphism except at the inverse image of the singular point x = y = z = 0. The inverse image
There is no other intersection of distinct C i 's. The self-intersection of C i in the resolved surface can be shown to be −2.
N=2 Higgs branch of Sp(N c ) gauge theory
In the Type IIA brane setup, Higgs branch is described by D4-branes suspended between D6-branes where they can move in x 7 , x 8 , x 9 directions. Likewise, in M-theory the transition to the Higgs branch occurs where the 5-brane intersects with the D6-branes. This is possible only when y = 1 2ỹ
B Nc (z) of (15) passes through the singular point x=y=z=0. Thus we need B Nc (z = 0) = 0 or
and we can assume that u Nc−r is non-zero. 5 The terms in the bracket describes the Coulomb branch which is broken to U(1) Nc−r and this branch dose not meet the D6-brane. The term B Nc (z) = z r near z = 0 describes Higgs branch and we should use the resolved D N f surface in order to describe this. Since higher terms of (25) are negligible, we can just consider the equation B Nc = z r . 6 Let us look at the F ≡ y − z r in the 2j-th patch U 2j , 2j ≤ N f − 3.
The curve consists of several components. One component, to be denoted by C, is the zero of the last factor of the above equations (27),(28) and (29). This extends to the region away from x = y = z = 0 reaching infinity. F also has zero at s 2j = 0 and z 2j = 0. The defining equation of the surface is
. . . .
. . . . There are two branches of zero of F for each j; s 2j = z 2j = 0 and s 2j = t 2j = 0 which corresponds to the rational curves C 2j−1 and C 2j respectively. Near the first branch s 2j = z 2j = 0, (t 2j , z 2j ) is a good coordinate, i.e. s 2j can be uniquely expressed in terms of t 2j
and z 2j by the defining equation. Since t 2j = 0 generically, s 2j ∼ z 2j near C 2j−1 . Hence
for j ≤ r while F ∼ z 2k 2j for j > r. Thus, the zero of F at C 2j−1 is of order 2j − 1 for j ≤ r and order 2r for j > r. Near the second branch s 2j = t 2j = 0, (t 2j , z 2j ) is again a good coordinate, and s 2j ∼ t 2 2j for z 2j = 0. Thus, F ∼ t 2j 2j for j ≤ r and F ∼ t 2r 2j for j > r near C 2j . Namely, F has a zero at C 2j of order 2j for j ≤ r and 2r for j > r. By looking at the equation for j = r, we see that the infinite curve C and the rational curve C 2r meet at the point s 2r = t 2r = 0, z 2r = 1. For U 2j−1 the analysis is similar and we obtain the same result. In summary, in the patches U 1 , . . . , U N f −3 , F has zeros at C 1 , C 2 , . . . , C 2r−1 , C 2r , C 2r+1 , . . . , C N f −3 and C of order 1, 2, . . . , 2r − 1, 2r, 2r, . . . , 2r and 1 respectively.
Let us now look at the function (20)- (21) we can see that y is divisible by z r , and y/z r − 1 of F = z r (y/z r − 1) has a single zero at C. Now, we consider the zero of
r . By looking at the defining equation of the surface
we see that there are four branches of zero:
and C N f respectively. Near C N f −3 where s N f −2 = z N f −2 = 0 and t N f −2 = 0, the surface is coordinatized by (t N f −2 , z N f −2 ) and F ∼ s 
r has zero at C N f −1 and C N f of order r.
The zero of F in the part in U N f −1 and U N f can be seen in the same way, and the analysis agrees with that in U N f −2 . Once the curve degenerates and rational curves are generated, they can move in (x 7 , x 8 , x 9 )-directions. This motion together with the integration of the chiral two-form field over such rational curves parametrize the Higgs branch of the 4-d theory [2] . Since the total rational components are C i times the order of F in C i , the quaternionic dimension of the r-th Higgs branch is Σ
is the same as before and we have zeroes of order 1, 2,
At
2r and we see that the infinite curve C meet with
) and the order of zero is r if a = 2 and r + 1 if a = 2. At
) and the order of zero is r if a = −2 and r + 1 if a = −2. Thus the quaternionic dimension we get is
and
if we recover the scale factor. The former coincides with the (r = , similar calculation shows that the Higgs-branch emanates from the locus where all
of φ a 's vanish and gives the correct dimension
7 Previously the coefficient of z r is not important but for N f = 2r + 2 this is going to be important. The we can have N f + 4 blownup rational curves
If we have F = y − z r near singularity, we obtain the zeroes of 1, 2, · · · 2r · · · 2r, 2r, 2r, r, r In the Type IIA setup with O6-plane describing SO/Sp gauge theories, we can rotate the left NS5-brane by θ and the right NS5-brane by −θ. This corresponds to giving a mass for the adjoint chiral multiplet in N=2 theory, thereby reducing N=2 to N=1 [22] . Both of the 5-branes are extended in the x 8 , x 9 -directions, and we need additional complex coordinates
in order to describe the corresponding configuration of the M5-brane. Since the two NS5-branes correspond to the two asymptotic regions with v → ∞, where y ∼ v 2Nc and x ∼ v 2Nc respectively. Thus the rotation requires the boundary conditions
We can identify µ as the mass of the adjoint chiral multiplet by using R symmetry. The N=2 configuration is invariant under the rotation U(1) 4,5 and SU(2) 7, 8, 9 . After the rotation, SU(2) 7,8,9 is broken to U(1) 8,9 if µ is assigned (−2, 2) charge of U(1) 4,5 × U(1) 8, 9 . Since this is the same as the R-charge of the mass of the adjoint field and since there is no other parameters charged under U(1) 8,9 , the two quantities should be identified.
Consider Sp(N c ) gauge theory with N f hypermultiplets. The charges of the coordinates and parameters are the following.
The combination of
U(1) 8,9 makes µ invariant, and its Z 2Nc+2−N f subgroup makes
invariant. In field theory, the mass of the adjoint chiral multiplet lifts the Coulomb branch. Thus rotating the branes can only be done at points where the curve degenerates to a curve of genus zero. Then we can introduce an auxiliary complex parameter λ and identify the genus zero curve as the complex λ plane with some points deleted or points at infinity added. v, w and t can be expressed as a rational function of λ [24] . Here we assume that the rotated curve consists of a single component. The case where the curve consists of more than one components will be treated separately. For rotated curve C, we can considerC, the projection of C into x, y, v space. Since µ is the only parameter, we cannot deform the N=2 curve equation without breaking U(1) 8,9 symmetry. Thus the projection of the rotated curveC on x, y, v remains the same N=2 curve [23] . v has two poles corresponding to the two NS5-branes and we take two poles to occur at λ = 0 and λ = ∞. Thus we have
There might be a constant term in the right hand side, but this should vanish if we take Z 2 acts as λ → − 1 λ
. We take the asymptotic conditions as
This determines
Thus w is invariant under the Z 2 action λ → − 1 λ while v is odd. Asymptotic conditions for x, y are given by
where x, y satisfy (6) and (7). Thus y = λ
where P i (λ) is the i-th polynomial of λ. Now under the Z 2 action λ → − 1 λ , y is maped to x so x = (
. The expression should satisfy (6) .
From this, we can set
Therefore we have
.
comparing the highest order term in λ. Therefore we obtain
Note that with a i in (44), in the limit of m N f → ∞, the expression (46) is correctly reduced to N f − 1 case with the replacement
This is consistent with the one-loop matching of the gauge coupling.
In case m i = 0, a i = ±i and b
. One can check that with the expression (45), there's a special for N f even which is the property of the A-branch. This can be seen as follows. As λ → ±i, v → 0 and
as can be seen from (37) and (45). On the other hand, equation (7) implies
The two statements are consistent only when r ≥
. In particular, if N f is even, equation and c = ±2Λ
. So far we assume that the infinite curve consists of a single component. But suppose the curve is factorized so that the infinities are separated in covering space. When such factorization occurs, we just have to rotate each component. One can see that the factorization is unique and is given by
This gives 
Asymptotic conditions for x, y are given by
where x, y satisfy (16) and (17) . By the similar calculation to Sp(N c ) case, we obtain
with If the infinite curve is reducible in covering space, it is uniquely given by
and the rotated curve is given by the union of
Alternative we can have w = −µv in (57) and w = µv in (58). These two possibilities are related by discrete R symmetry. This reducible curve exists for N c = 2 even with N f = 0 and two possibilities mentioned above provide two additional vacua for pure SO(4) gauge theory with N=1 supersymmetry.
In [25] , there appear the expressions for rotated curves of SO(2N c )/Sp(N c ) gauge theories.
Since their Type IIA configuration is the same as our configuration, their results should be consistent with ours. Indeed, from (52), we have (w + µv)(w − µv) = −4µ 2 b 2 if we eliminate λ. This agrees with (5.3) of [25] . Also if we change the variables,
using (55) (52), the expression coincides with (5.4) of [25] up to constant which can be absorbed into Λ N =2 in our expression. Andx =
gives the corresponding expression in [25] . Note thatxỹ ∝ v 4 . This change of variable corresponds to moving D6-branes outside of NS5-branes, thereby creating semi-infinite D4-branes. Indeed from (18), we have after the change of variables,ỹ
which describes SO(2N c ) gauge theory where hypermultiplets are realized by semi-infinite D4-branes in Type IIA setting. Thus our expression represents M-theory lifting of the Type IIA configuration with D6-branes while the expressions in [25] represents M-theory picture where D6-branes are moved to infinity, thereby producing semi-infinite D4-branes. In [25] , there are several consistent checks for their expressions. They checked that in a suitable limit, the expressions recover the Type IIA brane configuration they started with. They checked that decoupling of a flavor works correctly and the expressions encode N=1 duality
properly. All those checks in [25] can be consistent checks for our expressions as well. The same relation holds for the rotated curve for Sp(N c ) gauge group.
Chiral gauge theory
In order to get the M5-brane picture of the chiral gauge theory, it's better to start with the N=2 SU(2N c ) gauge theory with symmetric matter and consider the situation where the middle NS5-brane decouples. The corresponding brane configuration is depicted in Fig   5 . This theory is explored in detail in [7] . The bifundamentals of the product gauge group gives the symmetric matter under the orientifold projection. The curve describing Coulomb branch is given by
with xy = v 4 . 8 The coefficient in front of y 2 describes the position of D4-branes on the left of the middle NS5-brane and the coefficient in front of y describes the D4-branes on the right 8 Again, we set Λ N =2 = 1. However, if the curve has the special form
the positions of left D4-branes match the positions of right D4-branes. In this case, a left D4-brane and the corresponding right D4-brane can be recombined into a single 4-brane and the middle 5-brane decouples. This means that the curve is factorized as
Without the orientifold projection, this describes the special case of SU(2N c ) × SU(2N c ) gauge theory. The first factor corresponds to the middle NS5-brane and we can rotated it as we wish. But due to the orientifold projection, we have only two possibilities for the middle 5-brane. One is the NS5-brane and the other is NS ′ 5-brane where the rotated angle is
And in both cases, central NS5-brane and NS ′ 5-brane are described by a decoupled rational curve. If the middle 5-brane is a NS ′ 5-brane, the brane configuration describes the chiral gauge theory.
If we look at the brane configuration of the chiral gauge theory, one can see that each left D4-branes match a right D4-branes and recombine into a single D4-brane. Again NS ′ 5-brane is decoupled and is described by a rational curve in M-theory picture. Thus the suggested curve for the chiral gauge theory is the union of v = 0, x = 0, y = 0 (isomorphic to w-plane) and
with w = 0. An intersting thing is that the second factor can be interpreted as two ways;
N=2 SO(2N c ) pure gauge theory or N=2 Sp(N c ) gauge theory with 4 fundamental N=2 massless hypermultiplets which are decomposed as 8 N=1 chiral multiplets. 9 Recall that the general form of Sp(N c ) curve is
. If we have a massless hypermultiplets then some b i vanishes to give A = 0.
One can easily incorporate the D6-branes. The curve is a union of a rational curve isomorphic to w-plane and Since the NS ′ 5-brane is decoupled, the rotated curve for the chiral gauge theory can be obtained by attaching a rational curve to the rotated curve of (67). Again the rotated curve for SO(2N c ) gauge theory with N f flavors is the same as that for Sp(N c ) gauge theory with N f + 4 flavors where four of them are massless hypermultiplets.
In [11] , using the brane construction of the chiral gauge theory the chiral non-chiral transition is discussed. We can put two additional NS in M-theory picture.
Discussion
We have explored the M5-brane realization of one specific chiral gauge theory. Since the Type IIA brane configuration of the chiral gauge theory is constructed using orientifold 6-plane, a part of the paper is devoted to studying the corresponding M-theory configuration of the orientifold 6-planes. The geometric interpretation in M-theory of the orientifold with 
